Abstract. In this note, we point out that a large family of n × n matrix valued kernel functions defined on the unit disc D ⊆ C, which were constructed recently in [9] , behave like the familiar Bergman kernel function on D in several different ways. We show that a number of questions involving the multiplication operator on the corresponding Hilbert space of holomorphic functions on D can be answered using this likeness.
. Therefore, { √ n + 1z n : n ≥ 0} forms an orthonormal basis in the Bergman space of the unit disc D. Hence the Bergman kernel B D of the unit disc is given by the formula:
Similarly, it is not hard to verify that 
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The Bergman Kernel B D transforms naturally with respect to bi-holomorphic transformations
where J(ϕ, z) is the determinant of the complex Jacobian of the map ϕ at z. This striking property makes it quasi-invariant. It follows that the Bergman metric
is a bi-holomorphic invariant for the domain D.
The quasi-invariance of B is equivalent to saying that the map U (ϕ) :
is an isometry. The map J : Aut(D) × D → C satisfies the cocycle property, namely,
This ensures that the map U :
) is the group of unitary operators on the Bergman space A 2 (D), is a homomorphism. As a second consequence of the quasi invariance, we point out that if the bi-holomorphic automorphism group acts transitively on the domain D, then
where z = ϕ(0) for some ϕ ∈ Aut(D). Thus the Bergman kernel B D is explicitly determined from the computation of B D (0, 0) and the Jacobian J(ϕ, 0), ϕ ∈ Aut(D). Often, the automorphism group Aut(D) has additional structure. For instance, if D is taken to be a bounded symmetric domain, then Aut(D) is a Lie group and acts transitively on D. In this case, the group Aut(D) is a topological group. The group of unitary operators on any separable complex Hilbert space, in particular the Bergman space, inherits the strong topology from the space of all bounded operators on it. The map U : Aut(D) → U(A 2 (D)), described above, is continuous. Such a map, a continuous unitary homomorphism, is called a unitary representation. In the following, we will assume that D is a bounded symmetric domain in C m .
Berezin-Wallach Set
One easily exploits the quasi-invariance of the Bergman kernel to construct new unitary representations of the automorphism group Aut(D). Assuming that B(z, w) is non-zero and D is simply connected, we define B (λ) (z, w) := B(z, w) λ , z, w ∈ D, λ > 0, taking a continuous branch of the logarithm. Now, as before,
where for a fixed ϕ ∈ Aut(D), the function J(ϕ, z) −λ is defined on D using a continuous branch of the logarithm. However, for λ > 0, to ensure continuity of the multiplier J (λ) := J λ : G × D → C, in the first variable, it is necessary to work with the universal covering groupG := Aut(D) of the automorphism group G := Aut(D) [4, 3, 9] . Let π :G → G be the quotient map. It then follows
It satisfies the co-cycle property. Thus the map
given by the formula
is a homomorphism. It is natural to ask if there exists a Hilbert space H ⊆ Hol(D) such that
where U(H) is the group of unitary operators on the Hilbert space H. An affirmative answer will ensure the existence of a unitary representation U (λ) of the groupG. Fortunately, there are two different ways in which we can obtain an answer to this question. Let Q : D → M n be a real analytic and assume that Q(z) > 0 for z ∈ D. For the map U (λ) (ϕ), ϕ ∈ G, to be isometric on the Hilbert space
we must have
This amounts to the transformation rule
for the weight function Q.
Example 2.1. In the case of the unit disc D = D, the automorphism group is transitive, picking a ϕ := ϕ z such that ϕ z (0) = z, we see that
However, the Hilbert space
is non-zero if and only if 2λ − 2 > −1. Thus we must have λ > is a positive definite kernel on the disc D, there is a Hilbert space A (λ) consisting of holomorphic functions defined on the disc D with the following properties:
These two properties determine B (λ) uniquely. The function B (λ) is called the reproducing kernel for the Hilbert space A (λ) (D).
If we assume Q ≥ 0 is a scalar valued function and that the Hilbert space A 2 (D, QdV ) = {0}, then polarizing Q, we see that the corresponding reproducing kernel B (λ) (z, z) must be, up to a positive constant, of the form Q(z, z) −1 |J(ϕ z , z)| 2 = |J(ϕ z , z)| −2λ for some λ > 0. Here, ϕ z is any element of G with ϕ z (z) = 0. For a bounded symmetric domain D, it can be seen that reproducing kernel is B (λ) . The Hilbert space A (λ) (D) is the completion of the linear span of all vectors in the set S = {B (λ) (·, w), w ∈ D}, where the inner product between two of the vectors from S is defined by
The positive definiteness of the Kernel B (λ) guarantees that the natural extension, of the formula given above, to the linear span S • of the set S defines an inner product. It is then apparent that B . Then the map U (λ) defines a unitary representation of the groupG. An extensive discussion these representations appears in [12] . An explicit description of the Berezin-Wallach set for bounded symmetric domains is given in [8] . Some of the operator theoretic properties of the commuting tuple of multiplication operators (M 1 , . . . , M m ) on A (λ) (D) appears in [2] . Here the multiplication operator 
Vector valued functions
What about constructing unitary representations of the groupG on some Hilbert space of holomorphic functions on D taking values in C n . To this end, first, we must answer the following question. 
for all w ∈ D and ζ ∈ C n f (w), ζ = f (·), B w (·)ζ for all f ∈ H and ζ ∈ C n follows from a slight generalization of the construction we have outlined (cf.
[10]). As before, the transformation rule of B ensures that the natural map
given by
is also unitray, that is, U (ϕ) is unitary on H for ϕ in Aut(D). Since J is assumed to be a cocycle, the map ϕ → U (ϕ) is a homomorphism ofG also. We now investigate the possibility of the existence of the kernel function B, in detail, in the case of D = D.
3.1. The unit disc. The automorphism group of the unit disc D is easily described:
where ϕ θ,a (z) = e iθ (z − a)(1 −āz) −1 . As a topological group Möb is T × D. More interesting is the two fold covering group SU (1, 1)
which acts on the unit disc D according to the rule g · z = (az + b)(bz +ā) −1 , g ∈ SU (1, 1). For λ > 0, let j(ϕ, ·) : D → C be the holomorphic multiplier of the universal covering group SU (1, 1)
forφ ∈ SU (1, 1) with ϕ = π(φ) = a b bā ∈ SU (1, 1). Let be an irreducible representation of Aut(D) on C m+1 . Then
is a multiplier on the group Aut(D). Here is an explicit formula for J :
where S m is the forward shift with weights {1, 2, . . . , m} and D(ϕ) is a diagonal matrix whose diagonal sequence is
We construct the Hilbert space H (λ, ) of square integrable holomorphic functions on the unit disc with respect to the measure Q(z)dV (z) with
where ϕ z (0) = z. For the Hilbert space H (λ, ) to be non-zero, it is necessary and sufficient that λ > m+1 2 . Consequently, the reproducing kernel B (λ, ) for the Hilbert space H (λ, ) is obtained by polarizing the identity
Or, equivalently,
where D(z,w) is a diagonal matrix with {(1 − zw) m , (1 − zw) m−1 , . . . , 1} on its diagonal.
The possible values for the positive diagonal matrix B (λ, ) (0, 0) are completely determined by Q(0). Also, B (λ, ) is a positive definite kernel for each choice of Q(0). It is very easy to enlarge this family of quasi-invariant kernels. One sees that
where µ 1 (Q(0)), . . . , µ m (Q(0)) are some positive real numbers and B (2λ−m+2j) is a positive definite matrix which can be computed explicitly:
However, which positive numbers µ 1 (Q (0) 
is non-trivial. Also, since B (λ, ) is quasi-invariant by construction, it follows that the kernel function B It is proved however, in [11] , that these operators are similar unless λ = λ . For m = 1, it is easy to see that the operator M (λ,µ) is a contraction if λ ≥ 1 and µ 2 1 ≥ 1 2(2λ−1)(λ−1) . Also, if the operator M (λ,µ) is not contractive, it either fails to be power bounded or it is similar to a contractive operator. This verifies the Halmos' conjecture for homogeneous operators in the Cowen -Douglas class. The arguments given above provide an alternative proof of the homogeneity of these operators. The choice of arbitrary µ 1 , . . . , µ m > 0 has made it possible for us to unitarize a much larger class of representations than what would have been possible if we were to insist on the existence of an integral inner product for our Hilbert space. Although, we note that the natural unitary representations that we construct here are all equivalent unless λ = λ . Never the less, the homogeneous holomorphic Hermitian vector bundle corresponding to each one of these representations is irreducible. As we had pointed out earlier, the existence of an integral inner product implies that the operator M (λ,µ) is subnormal and isolating these is often very important. Along with A. Koranyi, we have shown, for m = 1, that the homogeneous operator M (λ,µ) is subnormal if and only if µ 2 1 ≥ λ (2λ−1)(λ−1) .
